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Two-dimensional stimulated Raman scattering of short laser pulses
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The evolution of the stimulated Raman scattering (SRS) instability in time and two spatial dimensions
is studied analytically for initial and boundary conditions representative of a laser pulse convecting into
fresh plasma. For most scattering angles, SRS saturates due to the lateral convection of the Stokes wave.
The steady-state amplitude profiles of the Stokes and Langmuir waves are highly two dimensional.

PACS number(s): 52.35.Mw, 52.35.Nx, 52.40.Nk, 42.65.Dr

Simulated Raman scattering (SRS) is the decay of an
incident light wave (0) into a frequency-downshifted, or
Stokes, light wave (1) and a Langmuir wave (2). The con-
servation of energy and momentum is reflected in the fre-
quency and wave-vector matching conditions

a)0=w1+w2 N k0=k1+k2 N (1)

the second of which is illustrated in Fig. 1. Recently,
there has been a resurgence of interest in the spatiotem-
poral evolution of parametric instabilities such as SRS
and stimulated Brillouin scattering (SBS) [1-5], driven by
the realization that the transient phase of these instabili-
ties dominates many current experiments. In experi-
ments relevant to inertial confinement fusion, SBS fails to
reach steady state because of the intrinsic slowness of the
ion-acoustic wave, which limits how quickly transients
convect out of the interaction region. In experiments
relevant to plasma accelerators and light sources, tran-
sient SRS is important because of the intrinsic shortness
of the high-intensity laser pulses.

In the weak-coupling regime, the initial evolution of
SRS in homogeneous plasma is governed by the linear-
ized equations

(0, T 01,0, +0,,0,)

(8, +v2,0,) 4, =704y ,

A1=v04, , 2

where A4, represents the vector potential associated with
the Stokes wave, A4, represents the plasma density fluc-

tuation associated with the Langmuir wave,
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and

Yo=w,c|k,| Ao /4[@y(0y—w,)]'/? is the temporal growth
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FIG. 1. Geometry of SRS in the laboratory frame. The
Langmuir frequency w, is equal to the electron plasma
frequency, k, =[(wo— ;) —w3]'"* /¢, k;=(k,cosb, k,sinB), and
k,=(ko—k,cosO, —k;sinf).
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rate of SRS in an infinite plasma [6]. It is convenient to
measure distance (x) backward from the leading edge of
the laser pulse, as shown in Fig. 2. With this convention
the “pulse-frame” group velocities are given, in the cold-
plasma approximation, by v;=(c—c cos6,c sinf) and
v,=(c,0), where @ is the laboratory-frame scattering an-
gle. The analysis of SRS divides naturally into two cases:
forward SRS, in which v, <v,,, and sideward and back-
ward SRS, in which v, Zv,,.

For forward SRS the solution of Egs. (2), in the domain
illustrated in Fig. 3(a), is facilitated by the change of vari-
ables x'=x, y'=v,¥/Vy,, t' =01, (V5 t —X)/ (V3 — V1),
B,=vl{?4,, and B2=v§v,{2A2. Physically, ¢’ is the re-
tarded time, measured from the arrival of the faster wave,
and B, and B, are proportional to the action flux ampli-
tudes of the Stokes and Langmuir waves, respectively.
Using the new variables, Egs. (2) can be rewritten as

(3,43, +d,)B,=yB,, 3,B,=vVB . 3)

These equations are to be solved in the domain
{(¢/,x",y"): t'20,x'20, and y' =0}, which is illustrated
in Fig. 3(b), subject to the initial conditions

B](O’x’,y’)zo’ BZ(O’x,’y')=l (4)
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FIG. 2. Snapshot of the laser pulse. The front boundary of
the interaction region is defined by the leading edge of the laser
pulse and is located at x =0. For ¢t </, /c the rear boundary of
the interaction region is defined by the plasma boundary and is
located at x =ct. For t > [, /c it is defined by the trailing edge of
the laser pulse and is located at x =1,.
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FIG. 3. Domain of interest illustrated in (a) the original

pulse-frame coordinates and (b) the characteristic
defined in the text preceding Egs. (3).
and the boundary conditions
B(t',0,y')=0, B,(t',0,y')=1,
B,(t',x',0)=0, B,(t',x',0)=1.

BRIEF REPORTS 3753

vecting into fresh plasma, in which a constant level of
Langmuir fluctuations is available to seed the instability.
They allow the instability to proceed from the moment
the leading edge of the laser pulse enters the plasma. for
future reference, we comment that the initial conditions
of Mori et al. [3] do not allow the instability to proceed
until the entire laser pulse has entered the plasma.

Equations (3)—-(5) are similar in form to the SBS equa-
tions solved by McKinstrie et al. [4]. It follows immedi-
ately that

B(t',x',y")=B;(t',x"H(y'—t')+t'oy’, (6)

where B,(t',x') and B,(t’,x’) are the solutions of the
one-dimensional (1D) limit of Egs. (3), in which the y’
derivative term is omitted, and H is the Heaviside step
function. Far from the boundary at y’=0, the waves
evolve in x’ and ¢t’. When t'=y’, the information that a
side boundary exists reaches the waves, which stop grow-
ing immediately if they have not already done so.

It is not difficult to solve the 1D equations using La-
place transforms. The result is

2 [tr/(xr__t:)]n+1/212"+l
Bl(t',x')= n=0 s
coordinates XQy[t'(x—1t)]"?), t'<x’'
sinh(yx’), t'=2x’',
(7)

> [t /(x"—t")]',,
=0

5)  Byt',x)=1"

( ) 2 X(2'y[t'(x’—t’)]l/2), t'<x'
cosh(yx’), t'=2x’,

These conditions are representative of a laser pulse con-
J

where I, is the modified Bessel function of the first kind, of order n.

Taken together, Eqgs. (6) and (7) describe the solution of Eqs. (3)-(5). The x’y’ plane is divided into three regions, in
which SRS is characterized by 1D spatiotemporal growth [the first form of Egs. (7)], 2D spatial growth [the first form of
Egs. (7) with #'<>y’], and 1D spatial growth [the second form of Egs. (7)], as illustrated in Fig. 4(a).

In terms of the original independent variables, the solution can be rewritten as

+1/2
3 [oe T2 (e —x " 270 (0, 1 = )(x —v 1, 1)]'2
2n+1 ’
n=0 | V2x X — Ut " Usx T Vix
n+1/2 172
B,(t,x)= i Vixy I 27o[v 1y (V1 x =01, p)]
— 2n+1 ,
n=0 Ulyx_ley " Uly(levzx)l/z
sinh[y X /(v1,05,)'?]
(8)
i v |" vt —x 21/(,[(v2,‘t——x)(x——vl,(t)]l/2
2 ’
n=0 | V2x X Ul " Voyx —Uix
By(t,x)={ = v " 2yolv L,y (v, x —v, )]
2L, X 1xY YolVixy 1y 1xY
2 - Ton 172 ’
n=0 vlyx Vixy Uly(levzx)
cosh[yox /(vy,05,)' %],

where the first form is valid in region I [v,# <x Zv,,tand y Zv,,(v,, ¢ —x)/(vy, —v,,)], the second form is valid in
region II [x <v,,t, and y <vy,x /vy, and vy, (v, —x)/(vy —v;, )], and the third form is valid in region III [x =v,, ¢
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FIG. 4. Solution regions in (a) characteristic and (b) pulse-
frame coordinates. SRS is characterized by 1D spatiotemporal
growth in region I, 2D spatial growth in region II, and 1D spa-
tial growth in region III.

and y Zv,,x /vy, ]. These regions are illustrated in Fig.
4(b). Solution (8) was derived under the assumption that
the laser pulse length is infinite. However, SRS is a con-
vective instability in the pulse frame and there are no ad-
ditional boundary conditions to be satisfied by the Stokes
and Langmuir waves as they pass through the rear and
side boundaries of the laser pulse. Thus, solution (8) also
describes the evolution of SRS within a finite laser pulse.

For a scattering angle of 0°, corresponding to directly
forward SRS, v;=0. Solution (8) is well defined in the
limit that v;—0 and reduces to

A (t,x,y)=[(vy,t—x)/x]'"?

XI,(2yol(vy t—x)x12/v,,) , )
9
Ay (t,x,9)=To2yo[(vy t —x)x 1% /0,.) .

Solution (9) is written in terms of the original wave ampli-
tudes because it is not meaningful to consider the action
flux amplitudes when v;=0. (The main effect of the
anti-Stokes light wave, which cannot be neglected when
0~0°, is to renormalized y, [6].) At any point (x,y) in
the pulse frame, there is no growth until the plasma
boundary reaches that point at t =x /v,,. For t>Xx /v,,
the point lies within the plasma and it is meaningful to
consider the evolution of SRS at that point. The growth
of SRS is spatiotemporal in nature throughout the entire
interaction region. This result differs from the result of
Mori et al. [3] in that there is no region in which the
growth of SRS is temporal. This difference is due to the
different initial conditions that were imposed, as we men-
tioned earlier.

Snapshots of the Langmuir amplitude at two different
times are displayed in Figs. 5 and 6 for a scattering angle
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of 45°. Three distinct regions of growth can be seen in
each figure, as described in the text following Egs. (8).
For t>x /v,,, the wave amplitudes grow nonexponen-
tially in time according to the first form of Egs. (8). How-
ever, in contrast to the case described in the preceding
paragraph, SRS eventually saturates. For y 2v,,x /v,,,
the evolution of SRS is one dimensional: SRS saturates
due to the convection of the Stokes wave in the x direc-
tion, in a time

tlsz/le . (10)

For y <vy,x /v, the evolution of SRS is two dimension-
al: SRS saturates due to the convection of the Stokes
wave in the y direction in a time

z2D=—x—+———(U2" bl (11)

Uax UaxV1y

Equation (11) generalizes the result that t,p=y/v,,
when v, <<v,, and v,, <<v,, [4]. In steady state the
Langmuir wave attains its peak amplitude at the point
(I,1,). Since t,p <tp at this point, the peak Langmuir
amplitude is less than that predicted by a 1D analysis.

In the preceding paragraph it was shown that x /v,, is
an upper bound on the saturation time of forward SRS.
This result reflects the fact that the convection of tran-
sients out of the interaction region is limited by the
slower of the Stokes and Langmuir waves. As 6—90°,
Vi, —>V,, and the saturation time of SRS coincides with
the arrival time of the plasma boundary: the region of

0 0.1 0.2 0.3 0.4 0.5
X

FIG. 5. Snapshot of the Langmuir amplitude B,, obtained
from Egs. (8), for a scattering angle of 45°. Distance is measured
in units of the laser pulse length I, the laser aspect ratio
1,/1,=0.5, the laser strength parameter yl, /v,, =5, and the
time parameter v,, t /I, =0.5.
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FIG. 6. Snapshot of the Langmuir amplitude B,, obtained
from Egs. (8), for a scattering angle of 45°. The time parameter
v, t /1, =1.0 and the other parameters are the same as those as-
sociated with Fig. 5.

spatiotemporal growth does not exist and SRS is in
steady state throughout the entire interaction region.
This statement must also be true of backward SRS, for
which v, >v,,. Furthermore, in steady state there is no
need to distinguish between the fast and slow waves, so
the second and third forms of solution (8) must also apply
to backward SRS. Both of these assertions can be verified
by a formal analysis based on the method of characteris-
tics.

A snapshot of the Langmuir amplitude is displayed in
Fig. 7 for a scattering angle of 135°. Because the laser
pulse has an aspect ratio [, /I, =0.5, the evolution of a

significant portion of the Langmuir wave is one dimen-.

sional. However, typical aspect ratios are much smaller
than unity and the evolution of the Langmuir wave is
predominantly two dimensional. The Langmuir wave at-
tains its peak amplitude at the point (/,,1,).

The preceding analysis shows that at no time, and for
no scattering angle, does the Langmuir amplitude
A,(t,1,,1,) grow exponentially in time with growth rate
vo- Furthermore, for most scattering angles the satura-
tion time (11) is not equal to the time taken by the Stokes
wave to cross the interaction region in the y direction.
Thus, one cannot estimate the peak Langmuir amplitude
accurately by using the traditional formula
exp(vol, /vy,). Even in steady state, the amplification of
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FIG. 7. Snapshot of the Langmuir amplitude B,, obtained
from the second and third forms of Egs. (8), for a scattering an-
gle of 135°. The parameters are the same as those associated
with Fig. 6.

the Langmuir wave is a 2D process and the peak Lang-
muir amplitude cannot be predicted by a model based on
the assumption of 1D growth in a judiciously chosen
direction. The main defect of the cold-plasma approxi-
mation is that it prevents the Langmuir wave from con-
vecting in the y direction as it does in a warm plasma.
This shortcoming limits the applicability of solution (8) to
laser pulses with aspect ratios [, /I, >v,, /v,,. This con-
dition is satisfied in current experiments with short laser
pulses [7].

We plan to use our results to improve a previous study
of the angular dependence of SRS in experiments with
short laser pulses [8] and to extend our analysis to in-
clude realistic Langmuir noise sources [1,2] and laser
pulses of arbitrary intensity [3]. Our results also make
possible a comparison of SRS and other 2D processes,
such as self-focusing [9], self-modulation [10], and laser
hosing [11].
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FIG. 5. Snapshot of the Langmuir amplitude B,, obtained
from Egs. (8), for a scattering angle of 45°. Distance is measured
in units of the laser pulse length [, the laser aspect ratio
l,/1,=0.5, the laser strength parameter y,l, /v;, =35, and the
time parameter v, t /I, =0.5.
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FIG. 6. Snapshot of the Langmuir amplitude B,, obtained
from Egs. (8), for a scattering angle of 45°. The time parameter
vyt /1, =1.0 and the other parameters are the same as those as-
sociated with Fig. 5.
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FIG. 7. Snapshot of the Langmuir amplitude B,, obtained
from the second and third forms of Eqs. (8), for a scattering an-
gle of 135°. The parameters are the same as those associated
with Fig. 6.



